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 Section 1: Theoretical derivation of phase reconstruction

η(r) = π|r|/Λ Λ r = x+ y

In our proposed metasurface-integrated quantum analog operation system, the metasurface and the polarization selec-
tion are the core of constructing differential operators. Firstly, the optical structure of the metasurface should be eluci-
dated. As shown in Fig. 1(a) of the manuscript, there are four different working regions on the metasurface, and each re-
gion corresponds to a spatial differential operator. In each region, the optical axis distribution is anisotropic, and the lo-
cal optical axis direction is , where  is the grating period and the position vector . In the up re-
gion, the optical axis varies in the x-direction. While in the descending down region, the optical axis varied in the y-di-
rection. The transmission matrix of any region can be expressed as 

T =

 cos
υ
2
− isin

υ
2
cos2η −isin

υ
2
sin2η

−isin
υ
2
sin2η cos

υ
2
+ isin

υ
2
cos2η

 , (S1)

υ
|Ψpol⟩in |+⟩/|−⟩

|Ψpol⟩in

where  is the uniform phase delay introduced by the metasurface. Supposing that the polarization wave function of the
input  photon  is ,  owing  to  the  spin  basis  forms  an  orthonormal  complete  system,  in  the  spin  basis,

 can be expressed as
 

|Ψpol⟩in = A+|+⟩+ A−|−⟩ , (S2)

A± = ⟨±|Ψpol⟩ |Ψpol⟩inwhere the expansion coefficient is . After passing the metasurface, the polarization wave function 
will be converted to 

|Ψpol⟩MS = T|Ψpol⟩in = B+|+⟩+ B−|−⟩ , (S3)

B±where the expansion coefficient  can be calculated as 

B± = A±cos
υ
2
− A∓isin

υ
2
exp(∓i2η) . (S4)

υ = π
For all photons to have a geometric phase attached by the spin-orbit interaction, the metasurface is designed with a

half-wave phase delay, i.e., , where the spins of all photons are reversed and can be expressed as 

|∓⟩ → exp(iΦPB)|±⟩ , (S5)

ΦPB(r) = −σ±2η(r)here,  represents the geometric PB phase which is related to polarization. The geometric PB phase of
different spatial components of photons indicate that the evolution process of polarization state is not uniform, which
inevitably produces a geometric phase gradient and induces momentum shift ref.S1
 

Δk = ∇ΦPB = −σ±
2π
Λ

er . (S6)

Δk
Δr = (Δk/k0)z = −σ±(λz/Λ)er k0 = 2π/λ

λ

|Δr| ≪ w |+⟩ |−⟩

|Ψpol⟩in

Eventually,  the  momentum  shift  causes  the  photon  to  produce  a  spin-dependent  shift
 in real space that increases linearly with the transmission distance z,  where 

represents the wave number and  represents the central  wavelength.  By designing a sufficiently large grating period,
the  photons  can  generate  a  displacement  in  real  space  that  is  much  smaller  than  the  wave  function  width w,  i.e.

. Therefore, even though the photon with the polarizations  and  produce the shift in the opposite di-
rection, the wave functions maintain a high overlap, so the interference effect in the overlapping region causes the pho-
ton to keep the original polarization state .

In our system, all photons are inputted to the metasurface and pre-selected to be H-polarized. In order to construct
the spatial differential operator, it is also necessary to set the V-polarization selection at the back end of the metasurface.
Here, in the spin basis, H- and V-polarization can be expressed as 

|H⟩ = 1√
2
(|+⟩+ |−⟩), |V⟩ = −i√

2
(|+⟩ − |−⟩). (S7)

The total wave function of photons can be expressed as the product of space and polarization wave function 

|Ψtol⟩in = |Ψsp(r)⟩ ⊗ |Ψpol⟩in. (S8)
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After passing through the metasurface, the wave function of the H-polarized image photon can be written as 

|Ψtol⟩MS =
1
2
exp(−i2η) |Ψsp(r− Δr)⟩ |+⟩+ 1

2
exp(i2η) |Ψsp(r+ Δr)⟩ |−⟩. (S9)

After V-polarization selection, the final output wave function can be expressed as 

|Ψtol⟩out =
i
2
[exp(−i2η) |Ψsp(r− Δr)⟩ − exp(i2η) |Ψsp(r+ Δr)⟩] |V⟩ . (S10)

Specially, in the spatial differentiation, we are only concerned with the spatial part of the output wave function 

|Ψsp⟩out =
i
2
[exp(−i2η) |Ψsp(r− Δr)⟩ − exp(i2η) |Ψsp(r+ Δr)⟩] . (S11)

η1 = α η2 = −α η3 = π/2− β
η4 = π/2+ β α, β → 0

In each working region, the direction of the optical axis through which the image photon passes are different. In the
four  regions,  the  angles  between  the  optical  axis  and  the  horizontal  direction  are , , ,

, respectively, where . Thus, the four geometric phase terms can be represented as  

exp(±i2η1) = cosη1±isinη1 ≈ 1±iη1 = 1±iα
exp(±i2η2) = cosη2±isinη2 ≈ 1±iη2 = 1∓ iα

exp(±i2η3) = cosη3±isinη3 ≈
(π
2
− η3

)
±i = β±i

exp(±i2η4) = cosη4±isinη4 ≈
(π
2
− η4

)
±i = −β±i

. (S12)

|Ψsp⟩outIf the imaging photon passes through region 1,  out can be approximated to 

|Ψsp⟩(1)out ≈
i
2
[(1− iα) |Ψsp(x− δ, y)⟩ − (1+ iα) |Ψsp(x+ δ, y)⟩]

=
i
2
{[|Ψsp(x− δ, y)⟩ − |Ψsp(x+ δ, y)⟩]− iα [|Ψsp(x− δ, y)⟩+ |Ψsp(x+ δ, y)⟩]} , (S13)

δ → 0In the case of , the following approximation exists in the linear combination of functions:  
lim
δ→0

[∣∣Ψs
sp(x+ δ, y)

⟩
in
+

∣∣Ψs
sp(x− δ, y)

⟩
in

]
= 2

∣∣Ψs
sp(x, y)

⟩
in

lim
δ→0

[∣∣Ψs
sp(x+ δ, y)

⟩
in
−
∣∣Ψs

sp(x− δ, y)
⟩
in

]
= 2δ

∣∣Ψs
sp(x, y)

⟩
in

∂x

. (S14)

Consequently, Eq. (S13) can be rewritten as 

|Ψsp⟩(1)out ≈ −iδ
∂ |Ψsp(x, y)⟩

∂x
− α |Ψsp(x, y)⟩ ∝

[
α+ iδ ∂

∂x

]
|Ψsp(x, y)⟩ . (S15)

F̂i

|Ψsp(x, y)⟩

The same is true for the other three regions. The whole process can be expressed as the differential operator  con-
structed by the hypersurface and the polarization analyzer before and after it applies to the input spatial wave function

, that is  

|Ψsp⟩(1)out = F̂1 |Ψsp(x, y)⟩ ∝
[
α+ iδ ∂

∂x

]
|Ψsp(x, y)⟩

|Ψsp⟩(2)out = F̂2 |Ψsp(x, y)⟩ ∝
[
α− iδ ∂

∂x

]
|Ψsp(x, y)⟩

|Ψsp⟩(3)out = F̂3 |Ψsp(x, y)⟩ ∝
[
β+ iδ ∂

∂y

]
|Ψsp(x, y)⟩

|Ψsp⟩(4)out = F̂4 |Ψsp(x, y)⟩ ∝
[
β− iδ ∂

∂y

]
|Ψsp(x, y)⟩

(S16)
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After the action of four differential operators, the probability density of the output wave function is displayed on the
imaging plane:  

P(1)
out(x, y) = ⟨Ψsp|Ψsp⟩(1)out ≈ cos2γPin(x, y)

{
α2 +

[
δ∂φ(x, y)

∂x

]2

− 2αδ∂φ(x, y)
∂x

}
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{
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}
, (S17)

Pin(x, y) = ⟨Ψsp|Ψsp⟩ γ
P(1)
out(x, y) P(2)

out(x, y)
where  represents the initial probability density of the imaging photon,  represents the initial po-
larization angle of the imaging photon. Subtracting  and  to get
 

ΔPx
out(x, y) ≈ 2αδcos2γPin(x, y)

∂φ(x, y)
∂x

. (S18)

P(3)
out(x, y) P(4)

out (x, y)Subsequently, Subtracting the equations  and  to get
 

ΔPy
out(x, y) ≈ 2βδsin2γPin(x, y)

∂φ(x, y)
∂y

. (S19)

Eventually, the quantitative phase gradient can be expressed as 

∇φ(x, y) = ∂φ(x, y)
∂x

ex +
∂φ(x, y)

∂x
ey =

ΔPx
out(x, y)

2αδcos2γPin(x, y)
ex +

ΔPy
out(x, y)

2βδsin2γPin(x, y)
ey . (S20)

 

 Section 2: Metasurface-based broadband differential operation
In the proposed system, the metasurface used for  optical  differentiation is  broadband,  and the imaging results  are  al-
most not limited by the working wavelength. According to Eq. (S4), the effect of a metasurface on the polarization states
of left- (LCP) and right-handed circularly polarized (RCP) photons with arbitrary wavelength can be expressed as  (

1
σ±i

)
→ cos

υ
2

(
1
σ±i

)
+ isin

υ
2

(
1
σ∓i

)
ei2σ±α(x,y) , (S21)

σ = ±1 υ α (x, y)
λ = 810 nm

υ ̸= π 633 nm

here,  represents LCP and RCP states,  represents the birefringent phase delay of the metasurface, and  is
the direction of optical axes on the meatsurface. When the input photon is at the working wavelength ( ), the
polarization states of the LCP and RCP photons are completely reversed and a tiny opposite shift can also be generated
in real space. In the case of photons passing through the 0° local optical axis of the metasurface, the overlap of the LCP
and RCP components maintains the original linear polarization state. In our optical differential operation system, there
is a linear polarizer after the metasurface orthogonal to the input polarization state to eliminate the spatial overlap of the
LCP and RCP components and perform differential operations [Fig. S1]. However, if the input photon is not at the cor-
rect working wavelength ( ), such as , the differential operation can still be performed normallyS2.  In this
case, the photon output from the metasurface has a certain probability of maintaining the original polarization state and
propagation direction. Subsequently, this part of the photon will be eliminated by the linear polarizer at the back end of
the metasurface, the result of the differential operation is not affected except for the attenuation of the light intensity. 
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 Section 3: Quality detection of polarization interferences
405 nm

|ϕ+⟩ = (1/
√
2) (|Hi⟩|Ht⟩+ |Vi⟩|Vt⟩)

0◦ 45◦

0◦ 180◦ 10◦

A  wavelength laser is  pumped into the BBO crystal,  and the type-I spontaneous parametric down conversion
(SPDC) results in the generation of a pair of photons, which are a signal photon and an idler photon. The experimental
setup  is  shown  in Fig. S1,  the  input  two-photon  polarization  entanglement  generated  by  BBOs  can  be  expressed  as

S3,S4. Counting the two-photon coincidence under the polarization interference can
perform the quality of the entangled source. Specifically, one polarizer is fixed as  or , the other polarizer is rotat-
ed from  to  in the step of , the two-photon coincidence counts are recorded under per rotation of the polariz-
er.  Finally,  the  two  sinusoidal  curves,  which  representing  the  relationship  between  rotation  angles  and  coincidence
counts, are fitted as shown the inset in Fig. S2. Besides, the equation about interference visibility can be expressed as
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Fig. S2 | Experimental setup of the quality detection of polarization interferences. Setup schematic: HWP, half-wave plate; QWP, quarter-wave

plate;  PBS,  polarizing  beam splitter;  M,  mirror;  QC,  quartz  crystal;  L,  Lens;  BBOs, β-BaB2O4 crystals;  LPF,  long-pass filter;  FC,  fiber  coupler;

SPCM, single photon counting module; CC, coincidence counts device. Inset, the experimental results of polarization interferences.

  

V =
Cmax − Cmin

Cmax + Cmin
, (S22)

Cmin Cmax H/V D/A
(97.90±0.04)% (92.23±0.30)%

where  and  indicate  the  minimum  and  maximum  coincidence  counts,  respectively.  In  the  and 
bases, the interference visibility can be calculated as  and , respectively, which are outper-

 

LP
MS

LCP

RCP

Pol

y

x

Fig. S1 | Schematic  diagram of  the implementation of  differential  operations on a metasurface.  LP,  linear  polarization;  MS,  metasurface;  LCP,

left-handed circularly polarized; RCP, right-handed circularly polarized; Pol, linear polarizer.
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71% |D⟩ = (1/
√
2) (|H⟩+ |V⟩)

|A⟩ = (1/
√
2) (|H⟩ − |V⟩) 45◦ −45◦

form  the  visibility  limit  needed  to  violate  the  Bell’s  inequality  of S5,S6.  Here,  and
 denote  the  linearly  polarized  states  with  polarization angles  of  and ,  respectively.

Therefore, the two-photon entanglement source generated by type-I SPDC in our experiment meets the requirement of
quantum imaging. 

 Section 4: Internal structure of beam splitter system
 
 

QC1
BD1

Beam splitter system

HWP
QC2

BD2

QWP

P

Fig. S3 | Internal structure of beam splitter. The experimental setup of beam splitter system. QC, quartz crystal; BD, beam displacers; HWP, half-

wave plate; QWP, quarter-wave plate; P, polarizer.

 
As shown in Fig. S2, the 2×2 beam splitter system is consisted of two beam displacers (BD), a half-wave plate (HWP),

a quarter-wave plate (QWP), and a polarizer (P), which can evenly divide a 45° linearly polarized light into four hori-
zontally polarized light beams. Since the propagation phase is dependent on the optical path, the four channels should
share  the  same  optical  path  for  the  incident  waves.  To  ensure  such  condition  in  the  experiment,  two  quartz  crystals
(QC) are inserted into the beam splitter system.

H V

nco nce

θ

Firstly, the function of the QC is explained, which is to compensate the optical path difference between the  and 
components of the beam caused by BD. Here, the BD is a uniaxial birefringent negative crystal with different principal
refractive indices for ordinary ray (o-ray) and extraordinary ray (e-ray). In particular, for the o- and e-ray with a wave-
length of 810 nm, the main refractive indices are  and , respectively. When a calcite crystal is used to manufacture
BD, the angle between the optical axis and the normal of the light surface is designed to be , which allows the e-ray to
produce a discrete angle α relative to the o-ray. According to the theory of crystal optics, α can be calculated by the Eq.
(S23)S7
 

tanα =

(
1− n2

co

n2
ce

)
n2
cetanθ

n2
ce + n2

cotan2θ
. (S23)

ΔLDue to birefringence effect, o-ray and e-ray produce optical a path difference  inside BD, which can be calculated
as: 

ΔL =
n2L
cosα

− n1L. (S24)

L n1 n2here,  is the radial length of BD,  and  are the refractive indices of o- and e-ray in BD, respectively, which can be
expressed asS7
 

n1 = nco, n2 =
n2
con2

ce

n2
cosin2θ+ n2

cecos2θ
. (S25)

nqo nqe

D = ΔL/ (nqe − nqo)

To compensate for the optical path difference caused by BD, a QC with an optical axis perpendicular to the surface is
used with two principal  refractive indices  and .  Since the QC is also a uniaxial  birefringent negative crystal,  its
main section needs to be orthogonal to the main section of BD when compensating for the optical path difference. In
this basis, the desired thickness of QC is calculated to be .

Secondly,  the  working  principle  of  the  beam splitter  system is  explained.  The  optical  axis  of  BD1 is  in  the  vertical
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d = Lcosα

2× 2

plane, so H- and V-polarized light are o- and e-ray in BD1, respectively. At the output end of BD1, the V-polarized light
generates a lateral displacement , which realizes the two-beam splitting of the incident light. Subsequently, a
HWP converts H- and V-polarized light to 45° and −45° polarized light,  respectively.  Different from BD1, the optical
axis  of  BD2 is  in  the  horizontal  plane,  and eventually  the  2  beams will  further  be  split  into  4  beams and be  arranged

. In order to convert all output light to horizontal polarization, a 45° QWP and horizontal polarizer are used at the
back end of the BD2. 

 Section 5: Design and construction of metasurface
SiO2

SiO2(1−x) +O2

As shown in Fig. S4(a), the metasurface is made of fused quartz glass ( ) and has a one-inch light-through aperture,
where the orange box indicates the working area. As shown in Fig. S4(b−d), the working area of the metasurface is di-
vided  into  four  parts.  In  order  to  realize  the  spatial  differential  operation,  some  nanogrooves  with  periodic  spatial
changes are carved on the surface of each working area by femtosecond laser as optical axes. Under intense laser irradia-
tion, the uniform quartz glass breaks down into porous glass ( ), and the refractive index depends on the
laser intensity. Therefore, the raster-like nanostructures can be generated to create birefringent effects in isotropic glass
samples.  The directions of local  optical  axis  (fast  and slow) are perpendicular and parallel  to the grooves respectively.
Since the characteristic size of the structure is much smaller than the operating wavelength, the fabricated metamaterial
can be viewed as a birefringent wave plate with uniform phase delay and anisotropy in the direction of the optical axis.
  

a c The.

Exp.db

Fig. S4 | Design  and  construction  of  metasurface.  (a)  Image  of  the  metasurface.  (b)  Metasurface  morphology  under  orthogonal  polarizer.  (c)

Theoretical design image of optical axes. (d) Experimentally measured distribution of optical axes.
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 Section 6: Polarization conversion rates of metasurface

200 μm
SiO2 SiO2(1−x) +O2

0◦

45◦ 0◦ 90◦

The metasurface can be fabricated by femtosecond laser-writing spatially varying nanogrooves in fused silica samples.
The laser beam is focused  below the surface of the glass sample. Under intense laser irradiation, the homoge-
neous glass ( ) decomposes into porous glass ( ), whose refractive index depends on the laser intensity.
Therefore, periodic variations of the intensity enable modulation of the refractive index; i.e., grating-like nanostructures
can be produced, creating a birefringent effect in isotropic glass samples. By designing a local optical axis that varies pe-
riodically in one dimension and a uniform half-wave birefringent phase delay, the metasurface enables the exchange of
polarization states between left- and right-handed circularly polarized light. To measure the polarization conversion ra-
tio (PCR) in this process, we performed the experiment shown in Fig. S5(a). In the experiment, P1 was fixed at , both
QWPs were  set  to ,  and P2  was  switched between  and  to  detect  converted  and unconverted  light.  Conse-
quently, the PCR can be calculated according to Eq. (S26) 

PCR =

(
1− Iunconverted

Iconverted

)
× 100% , (S26)

96% 97%As  a  result,  the  four  channels  of  the  metasurface  were  shown  to  have  high  PCRs  ranging  from  to  [Fig.
S5(b−e)].
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Fig. S5 | Experimental measurements of PCR. (a) Experimental setup. Laser, 810 nm continuous laser; P, linear polarizer; QWP, quarter-wave

plate;  MS,  metasurface;  OPM,  optical  power  meters.  (b−e)  Measurements  of  the  polarization  transition  rate  for  the  four  channels  of  the

metasurface.
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 Section 7: Resolution analysis
In order to evaluate the resolution of our imaging system, data analyses were performed on the differential edge results
[Fig. S6(a) and S6(b)],  where  the  polarization  selectors  before  and  after  the  metasurface  are  set  to  be  orthogonal.  As
shown in Fig. S6(c) and S6(d),  normalized intensity  distributions are  obtained by taking cross  sections along an arbi-
trary white dashed line in Fig. S6(a) and S6(b), respectively. To calculate the resolution, Gaussian line spread function
(LSF) is chosen to fit the data, which can be expressed as ref.S8: 

LSF(r) = 2a√
πw2

exp
[
− (r− r0)2

w2

]
, r = x, y , (S27)

a r0 w
R = 2

√
ln 2w

52.99 μm

where ,  and  are fit parameters. Consequently, the resolution of the imaging system can be calculated as the full
width at half maximum (FWHM) of the LSF, i.e., . Ultimately, the resolution of our imaging system was
calculated as the average of the FWHM of the four characteristic peaks of .
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Fig. S6 | Resolution analysis. (a, b) Results of differential operations in the x and y directions for the shape “cat”. (c, d) are the normalized inten-

sity distributions along the white dashed cross section and the fit to the Gaussian line spread function in (a) and (b), respectively.
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 Section 8: Sample preparation

400 nm 200 nm 400 nm
200 nm 400 nm 600 nm

To verify the feasibility of metasurface-integrated quantum analog operation system in quantitative phase reconstruc-
tion,  the  JGS2  quartz  glass  was  used  as  the  sample  substrate,  and  different  patterns  were  etched  on  the  substrate  by
chemical  method  [Fig. S7(a)].  In  the  red  dashed  box  in Fig. S7(a),  the  etching  depths  of  "Cat"  is  only  designed  to  be

,  "01"  has  two  depth  distributions  of  and ,  and  "Tai  Chi"  has  three  depth  distributions  of
, , and , respectively [Fig. S7(b)]. Ultimately, a probe scan is performed along the blue dashed

line shown in Fig. S7(b) to examine the accuracy of the etch depth [Fig. S7(c)].
 

 Section 9: Error analysis
In the quantitative phase reconstruction scheme, the target object has etching depths of 200, 400 and 600 nm. The accu-
racy of quantitative phase reconstruction can be described. 

ϑ =

N∑
i=1

∣∣φR
i − φM

i

∣∣
NφR

i
× 100% , (S28)

φR
i φM

ihere,  and  represent the true value and the measured value of the phase respectively, and N is the number of data
points.

In our quantitative phase reconstruction scheme, the differential operations are needed to perform. The following ap-
proximations are used in the construction of differential operators 

∂φ(x, y)
∂x

≈ φ(x+ δ, y)− φ(x− δ, y)
2δ

,

∂φ(x, y)
∂y

≈ φ(x, y+ δ)− φ(x, y− δ)
2δ

, (S29)

δ δwhere  represents the spin dependent displacement of the photon. It can be seen that the smaller the , the closer the
measured phase gradient is to the true value. Meanwhile, the resolution of ICCD also has some influence on the above
approximation.

∇φ(x, y)Subsequently, the measured value  is related to the polarization angle of the image photon, the local optical
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Fig. S7 | Information for the phase object samples. (a) Physical drawings. (b) Design drawings. (c) Probe scanning results along the blue dashed

line in (b).
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axis direction of the metasurface, and the initial probability distribution. The polarization angle of the imaging photon
is non-locally controlled by the trigger photon, in this process, if the quality of the entanglement source is not superior,
the imaging photon may not be induced to the desired state by the trigger photon. In addition, the local optical axes di-
rection of the metasurface is affected by the alignment of the optical path, so the alignment of the optical path is also an
influencing factor on the accuracy. In order to obtain the initial probability distribution, the polarization selection at the
back end of the metasurface needs to be rotated by 90°, which may cause some optical path deflection and may also af-
fect the accuracy of quantitative phase reconstruction. Finally, the normalized phase distribution is calculated by Fouri-
er  transform.  Then  the  normalized  coefficient  is  obtained  by  solving  the  optimization  problem,  and  the  quantitative
phase reconstruction can be further obtained. The above algorithm includes Fourier transform and optimization prob-
lem, and the optimization of the algorithm is helpful to improve the accuracy of quantitative reconstruction.
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